The focus of this paper is the design and station keeping of repeat-groundtrack orbits for Sun-synchronous satellite. A method to compute the semimajor axis of the orbit is presented together with a station-keeping strategy to compensate for the perturbation due to the atmospheric drag. The results show that the nodal period converges gradually with the increase of the order used in the zonal perturbations up to J15. A differential correction algorithm is performed to obtain the nominal semimajor axis of the reference orbit from the inputs of the desired nodal period, eccentricity, inclination and argument of perigee. To keep the satellite in the proximity of the repeat-groundtrack condition, a practical orbit maintenance strategy is proposed in the presence of errors in the orbital measurements and control, as well as in the estimation of the semimajor axis decay rate. The performance of the maintenance strategy is assessed via the Monte Carlo simulation and the validation in a high fidelity model. Numerical simulations substantiate the validity of proposed mean-elements-based orbit maintenance strategy for repeat-groundtrack orbits.
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During the repeat-groundtrack orbit design procedure, the effect of Earth's non-spherical gravitational perturbations cannot be neglected, that is to say, the Earth cannot be treated as a perfect sphere. In many previous studies (e.g., Abramson et al. 2001; Mortari et al. 2004 ) only the J2 perturbation was considered for the orbit design and control, which can be used only for the mission without strict requirement of precision, such as China-Brazil Earth Resource Satellite (CBERS-1) mission (Orlando and Kuga 2003) . However, the J2 zonal harmonic perturbation model is not suitable for missions with higher precision and reliability requirements. For example, missions like TOPEX/Poseidon (Aorpimai and Palmer 2007) , ICESat (Schutz et al. 2005) , and TerraSAR-X/TanDEM-X (D'Errico 2013) require the groundtracks to be within a threshold of 1 km from the reference trace. The Chinese-French Oceanic Satellite (CFOSAT) (Xu and Huang 2014; Zhu et al. 2015) currently under development has a stringent demand for the gridding division of the ground to enable precise mapping. Therefore, it follows the need of designing the nominal orbit in an accurate dynamical model, including higher order zonal harmonics.
Among the approaches developed for the solution of the perturbation problem, semi-analytical methods have the desirable feature of combining the efficiency of analytical methods and accuracy of numerical integration (Wittig and Armellin 2015) . Depending upon the order of desired accuracy, the semi-analytical satellite theory, such as Draper Semi-analytical Satellite Theory (DSST) and Universal Semi-analytical Method (USM), can be used to generate variations of parameters equations of motion due to perturbations (Danielson et al. 1994; Yurasov 1996; Cefola et al. 2003 ).
In the investigation concerning the design and maintenance of Earth repeat-groundtrack orbits, the semi-analytical techniques, by eliminating the short-periodic perturbations, can compute solutions that match well with those obtained from numerical simulations. Lara and Russell have published a series of celebrated works on the repeat-groundtrack orbit, especially considering the effect from high order perturbations. By means of automated numerical algorithm, the initial conditions of repeat-groundtrack orbits have been found for the high-order zonal perturbations of gravity field (Lara 1999) . From an abstract viewpoint, Lara (2003) even studied that the repeat-groundtrack orbits arise from bifurcations of equatorial periodic-orbit families by taking into account the high-order tesseral terms of perturbations. Further, with the differential corrections computation of periodic orbits, Lara and Russell (2008) demonstrated the existence of repeat-groundtrack orbits and provided a fast approach to obtain the entire families of orbits in full geopotentials. The same method was also applied to the search of repeat-groundtrack orbits around the Moon and Europa under the effect from a combination of high-order gravity potential and the restricted three-body
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perturbations Russell and Lara 2007; Lara 2011) . However, the above-mentioned studies did not include the orbit maintenance problem to take advantage of high-precision orbit design.
Without necessary orbit control or sufficient precision during the orbit design procedure, the repeat-groundtrack orbits would lose the repetition property over the long term due to the perturbations in the real space environments. Several works studied the problem of orbit maintenance adopting different methods. Using the epicycle elements with the zonal harmonics of geopotential up to J4 as well as 2 2 J , Aorpimai and Palmer (2007) showed how to acquire the near-circular Earth repeat-groundtrack orbit and to maintain the satellite around the repetition condition. With the semi-analytical techniques, the design and maintenance of the low eccentricity orbits for terrestrial coverage was investigated by Sengupta et al. (2010) , but only the J2 perturbation was taken into consideration in the design process. Fu et al. (2012) studied a strategy for maintenance of a low Earth repeat-groundtrack successive-coverage based on an analysis of drift over the entire groundtrack, but they selected the two-body orbit as the reference orbit.
The present work deals with the design and maintenance of Sun-synchronous Earth repeat-groundtrack orbits. In particular, a conventional semi-analytical method is employed to compute a nominal orbit which is then used as reference for a new maintenance strategy. Different from previous works, the proposed maintenance strategy includes the effect of errors in the orbital measurements and control, as well as in the semimajor axis decay rate estimation due to inaccuracies in the drag model. The remainder of this paper is organized as follows. In Section 2, the semi-analytical method to compute the nodal period and semimajor axis for repeat-groundtrack orbits is presented in a zonal gravitational model up to J15. Then, the model for orbit groundtrack drift is derived in Section 3.1 and the maintenance strategy for repeat-groundtrack orbits is described in Section 3.2. Afterwards, in Section 4 the simulations to assess the performances of the proposed design and maintenance strategy are conducted, including the discussion of the results obtained with a Monte Carlo simulation and a validation in a high fidelity dynamical model (full geopotentials with degree and order 200 and atmospheric drag). Finally, in Section 5 the conclusions are presented.
Semi-analytical design of reference repeat-groundtrack orbits
To acquire the high-resolution image, Earth observing satellites are mainly located in the LEO environments, where the Earth's geopotentials and atmospheric drag are the major source of perturbations (Sengupta et al. 2010; Fu et al. 2012) . The effects of the other perturbations, like solar radiation pressure and third-body perturbation are negligible. In general, the reference
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repeat-groundtrack orbit is defined by the set of mean nominal orbital elements of the satellite. The calculation of these mean nominal orbital elements is done trading off accuracy of the solution and computational complexity (and thus execution time). On the one hand, the reference trajectory should be computed in a high fidelity dynamical model such that the real trajectory will experience a minimum deviation from repeat-groundtrack condition (De Florio and D'Amico 2009 ). On the other hand, limiting the computational burden associated with orbit design and, particularly, with orbit maintenance is highly desirable to limit operational costs. Consequently, it is reasonable to consider only the zonal harmonics associated with Earth's oblateness to design the reference orbit; whereas the deviation of the actual orbit from the reference due to the drag is corrected by the orbit maintenance strategy.
As only the zonal perturbation terms of geopotentials are considered in the design of reference repeat-groundtrack orbit, the Earth gravity field is axially symmetric (Kozai 1959; Ammar et al. 2012 ). Thus, the disturbing potential acting on the satellite can be formulized as the series of zonal harmonics from Kaula (1963 Kaula ( , 1966 
where  is the Earth's gravitational constant, e R is the mean equatorial radius of the Earth, and r and  are the geocentric distance and latitude of the satellite, respectively. l J are the zonal harmonics coefficients, indicating the degree of irregularity of the Earth.   To investigate the repeat-groundtrack orbits in high-precision gravitational field, the current paper expands the non-spherical gravitational disturbing function from J2 up to J15 as 
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in which we abbreviate sin s i  and use the same abbreviation in Eq. (4); and i is the inclination, a is the semimajor axis, e is the eccentricity,  is the argument of perigee and  is the true anomaly.
Note that only the head and the tail terms are listed in Eq. (2) (as well as in Eq. (4)) while the others are omitted for convenience and simplification of presentation.
The relationship between the orbit radius and the orbital elements are presented below:
where r is the position vector, and r  r . According to the Eqs. (2) and (3), the disturbing perturbation is derived as a function of the orbital elements. As shown from Eq. (2), neither the time t nor the right ascension of ascending node (RAAN)  exists explicitly in the function R as a result of only considering zonal harmonics.
In the design of Earth repeat-groundtrack orbits, we only consider secular and long-periodic perturbations. The short-periodic variations, therefore, are averaged out. According to the idea of averaging from nonlinear mechanics (Kozai 1959; Liu 1974; Liu et al. 2012) , the gravitational perturbations on the orbital elements can be averaged in terms of mean anomaly M from 0 to 2, and thus secular and long-periodic terms, denoted by RC and RL, respectively, are separated from the gravitational perturbations, i.e.,
, resulting in: 3  5  2  3  2  2  2  3  2  3  2  2  3  4   29  15 
. (4) As can be seen from Eq. (4), the secular and long-periodic perturbations are presented in terms of the slowly varying elements: a, e, i and . 
Equation (5) shows the relation between the nodal period and the variational rates of the argument of perigee and the mean anomaly. Under the influence of secular and long-periodic perturbations, the mean nodal period is defined from the nodal period as 
where the mean motion n is related to a and decided by In order to compute the semimajor axis of reference repeat-groundtrack orbit, a differential correction algorithm is proposed. The inputs of the algorithm are the desired nodal period (T 0 ), eccentricity (e), inclination (i) and argument of perigee (). At the end of numerical procedure, the value of semimajor axis that fulfills the groundtrack repetition requirements is obtained.
Generally, for a defined nM:nN repeat-groundtrack orbit pattern, where nM is the number of rotations that the Earth completes in one period of repetition and nN is the number of revolutions of the satellite during this period of repetition (Lara 2003; Vtipil and Newman 2012 ; Mortari and Lee
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2014), the desired nodal period can be decided by nM and nN as
Earth's rotation rate and   is the drift rate of RAAN). In the two-body problem, the orbital period
, which is used to initialize our algorithm. From the desired nodal period T 0 , the initial semimajor axis can be derived as
. The derivative of nodal period with respect to the semimajor axis, used for correction of the semimajor axis, is
. The procedure to compute the nominal semimajor axis can be summarized in the following steps:
(1) From the initial semimajor axis a0 and the given orbital elements (e, i, and ), the new nodal period T  is obtained from Eq. (6).
(2) The difference between the computed nodal period and the desired one is In summary, our algorithm for the computation of the nominal semimajor axis of a repeat-groundtrack orbit is illustrated in Fig. 2 . In the previous section, the semi-analytical approach for the determination of the semimajor axis has been presented. Based on the reference semimajor axis, the focus of this section is the derivation of an analytical strategy for repeat-groundtrack orbit maintenance. To begin with, in Section 3.1 the orbit groundtrack drift due to the drag is defined. After that, in Section 3.2 the mean-elements-based maintenance strategy of the repeat-groundtrack is proposed. This strategy includes the effects due to orbital measurements and control error as well as the estimation of semimajor axis decay rate estimation error.
Orbit groundtrack drift due to atmospheric drag
The dominant perturbations acting on the LEO satellites originate from the Earth's non-spherical mass distribution and atmospheric drag. As the effects of Earth's oblateness are included in the design procedure of reference repeat-groundtrack, the orbit maintenance will consider only the effect of atmospheric drag.
The repeat-groundtrack orbit allows a spacecraft to observe a specific area multiple times in a given time frame. Figure. 3 illustrates an image acquisition pattern in a typical Earth observation
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mission. The images are acquired as strips of rectangular shape, and they will then go through programming and processing before they are provided to customers as imaging products (Lemaître et al. 2002) . The width of a strip depends on the properties of an on board camera (see the rectangular region in Fig. 3 ) and the repeat-groundtrack orbit enables the groundtracks to divide the Earth surface uniformly with as little image overlap as possible. However, due to effects of orbital perturbations, mainly from the atmospheric drag causing a slow decay of the orbit, without necessary orbit maintenance the actual groundtrack of the satellite will not reproduce the reference groundtrack pattern. In particular, an eastward drift relative to the reference will manifest, due to the reduced semimajor axis and associated nodal period.
To guarantee the repeatability and effective stitching of two adjacent images of the Earth observing satellite, the maintenance strategy is required to keep the satellite in the proximity of reference repeat-groundtrack orbit, thus avoiding the violation of the corridor boundaries (see the exaggerated parabola-like curve in Fig. 3 ). The orbit maintenance is performed by adjusting the semimajor axis to compensate for its decay due to the atmospheric drag. More specifically, as shown in Fig. 1 
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In the LEO environments, the influence of three-body perturbation is so small that the perturbation makes a negligible contribution to the groundtrack drift associated with variations in inclination. Therefore, the drag is the main responsibility for the drift of groundtrack. The drift of groundtrack in one nodal period L with respect to the reference trace can be approximately determined by
in which a0 is the nominal value of semimajor axis on the repeat-groundtrack condition and a is the deviation of semimajor axis from its nominal value. Note that the groundtrack drift at the equator L describes the maximum value among the drifts at all latitudes, which is the foundation of our maintenance strategy. The mean groundtrack drift rate can be derived by dividing the nodal period from the groundtrack drift, which is shown as
As stated above, the dominate perturbation causing the drift of satellite groundtrack is the atmospheric drag. Suppose the decay of semimajor axis due to the drag varies at a constant rate a  , the drift acceleration is thus linearized as follows:
By the integration of Eq. (11) over the time in two times, the mean groundtrack drift rate and the drift in one nodal period are derived as (Aorpimai and Palmer 2007) 
and The initial groundtrack drift rate is actually an averaged value, which can be derived from the
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groundtrack displacement in one period as
where a is the deviation in semimajor axis from the reference repeat-groundtrack orbit and it also indicates the value of semimajor axis pre-offset to maintain the trace within the maximum drift threshold.
Substituting Eq. (14) into Eq. (13) to yield the variation of displacement in groundtrack, expressed in terms of time t, deviation in semimajor axis from the reference repeat-groundtrack orbit a and semimajor axis decay a  as
Therefore, with the real-time estimation of semimajor axis and its decay rate, the orbit maintenance strategy can be performed by adjusting the semimajor axis to stationkeep the actual orbit in the vicinity of repeat-groundtrack condition, whose objective is to keep the groundtrack drift not exceeding a desired threshold.
Orbit maintenance strategy
The acceptable drift threshold of groundtrack d L can be determined from mission requirements. As illustrated in Fig. 4 , the admissible region around the nominal groundtrack is defined by the eastern ( 2 d L  ) and western boundary ( 2 d L ), respectively. As already stated, the decay of the semi-major axis changes the orbital period and this causes the groundtrack an eastern drift relative to the reference track starting from the initial repeat-groundtrack orbit condition. When the eastward drift arrives at the eastern boundary, a maneuver is performed to increase the semimajor axis above the nominal value by an amount a. After the maneuver, as the value of the semimajor axis is greater than that of the nominal one, the trace starts to drift westward due to its longer orbital period than that of the reference orbit. As shown by Eqs. (12) and (14), the drift rate of groundtrack appears to decrease progressively as time goes on. Note that if the positive offset of semimajor axis a is appropriate, the drift will cease at the western boundary where the semimajor axis just equals the nominal value. At this point the groundtrack will start to drift eastward until it reaches the eastern boundary again, when a second impulsive maneuver is implemented to restore the control loop. The groundtrack drift maintained under this strategy is depicted in Fig. 4 and the corresponding semimajor axis adjustment procedure is displayed in Fig. 5 . 
The time separation between two impulsive maneuvers by adjusting the semimajor axis can be expressed as
It should be noted that the above-mentioned strategy considers an ideal scenario in which there is no error in the estimation of semimajor axis decay a  and the implementation of semimajor axis adjustment a  . However, for a high-precision Earth repeat-groundtrack orbit maintenance, the strategy needs to be modified to account for the above-mentioned errors.
In the ideal strategy, the atmospheric drag and semimajor axis decay are assumed to be constant.
However, the uncertainties associated with drag perturbation affect the estimation of the semimajor axis decay rate in a real scenario. To describe the error in the estimation of a  caused by these uncertainties, a relative error in the rate of semimajor axis decay is defined by a a
, where a   indicates the absolute error in the semimajor axis decay rate, and a  the value of decay rate obtained in the constant atmospheric drag. In addition, the orbital measurements and control accuracies are major factors that influence the accuracy of a. Thus, the relative error in the orbital measurements and control is defined as 
Likewise, the actual maneuvering period is derived from Eqs. (16), (19) and (20) as
By assuming small errors, the semimajor axis adjustment value and maneuvering period can be simplified at first order to
and
Therefore, the actual maneuver to adjust the semimajor axis is 2 a  , with maneuvering period of s T .
Numerical simulations
This section presents several numerical simulations to illustrate the performance of the proposed approaches for Earth repeat-groundtrack orbit design and maintenance. In Section 4.1, the effectiveness of the high-precision gravitational perturbation model is verified and the nominal semimajor axis is determined based on the nodal period via the differential correction algorithm. In Section 4.2, Monte Carlo simulation and the simulation in a high fidelity model (full potentials and atmospheric drag) are run to validate the effectiveness of the proposed orbit maintenance strategy.
Reference orbit design
The simulations presented in this section take the orbital data from four different aerospace missions (listed in Table 1 ) to assess the accuracy of the zonal model selected for the design of repeat-groundtrack orbits. These reference missions are IRS-P6, Landsat-8, TerraSAR-X and SPOT-7, which all fly in sun-synchronous repeat-groundtrack orbits.
Using Eqs. (6) and (7), the relation between mean nodal period and order of the zonal harmonic can be determined, as shown in Fig. 6 . (2015)), is not enough to achieve the convergence. Convergence is reached approximately when terms up to J8 are included, above which the nodal period exhibits small amplitudes of fluctuations.
In Fig. 7 As for the nodal period, the nominal semimajor axis becomes stable when higher order of zonal perturbations are included. Compared with the conventional technique for repeat-groundtrack orbit based on J2 perturbation, by using the higher order of zonal perturbation the present method allows us to improve the accuracy in the semimajor axis determination by about 5 m. This gain in accuracy is relevant if one considers that the magnitude of the corrections in the semimajor axis required for orbit maintenance is of the order of tens of meters, as it will be shown in Section 4.2.
Moreover, it is worth noting that, from the engineering implementability point of view, considering the capability of existing orbit thrusters (Gou et al. 2013 ) providing thrust of 5 N with pulse width of 50 ms, the adjustment of semimajor axis can be maintained at 0.5 m level (with an approximate semimjor axis of 7200 km and spacecraft mass of 1000 kg), which is compatible with the magnitude of the correction in semimajor axis required by the present semi-analytical design and maintenance strategy.
Orbit maintenance
The objective of this section is to assess the performances of the maintenance strategy described in Section 3.2. The IRS-P6 mission is used as a test case throughout this section. The IRS-P6 Hedin (Hedin 1991 ) is used to compute the atmospheric density. The solar flux F10.7 is assumed to be 100. A constant value of drag coefficient CD= 2.5 is chosen, which is the maximum value that can be expected from empirical tests. With these data the decay rate of semimajor axis is a   -0.293 m/day. Based on Eq. (18), the maximum pre-offset value of semimajor axis relative to that of the reference orbit is a = 5.934 m, which is the ideal value without considering errors. A more robust method is presented in this paper, in which the errors in the orbital measurements and control as well as in the estimation of the semimajor axis decay rate are taken into account in the maintenance strategy. The absolute error in the orbital measurements and control is assumed to be 0.5 m, which is used to obtain the relative error  = 0.08427. Moreover, the relative error in semimajor axis decay rate is chosen as = 0.1. Through Eq. (22), the modified offset of the semimajor axis is a′ = 5.129 m, which is less than the actual value. Thus, the actual semimajor axis adjustment at each maneuver is 2a′ = 10.258 m, with a maneuvering period of s T  33.772 days.
From these results it is apparent the difference in the nominal semimajor axis computed with the J2 model and the J15 model (i.e., 4.2 m) is of the same order of the offset value (a′ =5.129 m) for maintenance, demonstrating that an accurate semimajor determination is of critical importance. In fact, if the nominal semi-major axis is poorly determined, the groundtrack maintenance may fail at keeping the satellite in the repeat-groundtrack condition when high accuracy is demanded. Figures 8 and 9 show the profiles of groundtrack drift and semimajor axis in a window of half a year. As demonstrated from these two figures, the actual groundtrack drift is kept within the allowable threshold when the proposed maintenance strategy is applied. During this period, six maneuvers to adjust the semimajor axis are implemented at the eastern boundary of the admissible region. Moreover, Fig. 8 shows that the semimajor axis adjustment computed by Eq. (22) and  are assumed to be Gaussian distributed, with statistical properties reported in Table 2 . For each run the actual absolute errors are computed as =0 + and =0+. The statistical distribution of the semimajor axis adjustments is illustrated in Fig. 10 . It is concluded that the proposed maintenance strategy will produce an adjustment lower than the ideal value (11.867 m), which guarantees the actual drift of the groundtrack within the allowable boundary.
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[m] the one achieved in the high fidelity model. 
22-24
semimajor axis adjustment obtained from the mean-elements-based strategy in the high fidelity model, the groundtrack drift can be maintained within the specific boundary (and the relative error is controlled not exceeding 30 m), and the maneuvering period is almost equal to the one obtained with zonal perturbations and drag. However, it has to be mentioned that, as expected, due to the accumulation of errors, the actual maneuvering period would decrease in the high fidelity model compared with that in the zonal perturbations and drag. This slight difference would increase with time, especially after the fourth maneuver. Therefore, our strategy works well until the cross terms and short-periodic perturbations are negligible. On the other hand, in the long-term maintenance the maneuvers would be performed ahead of schedule due to the reduced maneuvering period in the real perturbation scenario as shown by this simulation.
Conclusions
The present paper investigates the design and maintenance of high-precision Earth repeat-groundtrack orbits. A conventional semi-analytical method is adopted to derive the analytical nodal period based on the mean orbital elements and considering zonal terms up to J15. To obtain the nominal value of the reference repeat-groundtrack orbit, a differential correction algorithm is used in which the inputs are the desired nodal period, eccentricity, inclination and argument of perigee. As for the orbit maintenance a mean-elements-based strategy is proposed in which the errors in the orbital measurements and control as well as in the estimation of semimajor axis decay rate are taken into account. The robustness of the maintenance strategy with respect to uncertainties in the error parameters is assessed with a Monte Carlo simulation; whereas the effects of unmolded perturbations is studied with a simulation in a high fidelity model (full geopotentials and atmospheric drag). The results confirm that the mean-elements-based maintenance strategy can keep the drift of the groundtrack within allowed limits with the same semi-major axis adjustments and maneuvering periods similar to those required by in the high fidelity perturbation model.
